arXiv:1503.03507vl [math.DG] 11 Mar 2015 


Hypersurfaces with constant principal curvatures in 

X M and x M 


ROSA CHAVES, 

Institute de Matematica e Estatistica, 

Universidade de Sao Paulo, Sao Paulo, SP, Brazil. 05508-090 
e-mail: rosab@ime.usp.br 

ELIANE SANTOS, 

Institute de Matematica, 

Universidade Eederal da Bahia, Salvador, BA, Brazil. 40170-110 
e-mail: elianesilva@ufba.br 

March 13, 2015 


Abstract 

In this paper, we classify the hypersurfaces in S"" x M and H” x M, n 7 ^ 3, with 
g distinct constant principal curvatures, g G {1,2,3}, where §"■ and H"' denote 
the sphere and hyperbolic space of dimension n, respectively. We prove that such 
hypersurfaces are isoparametric in those spaces. Furthermore, we find a necessary 
and sufficient condition for an isoparametric hypersurface in S"" x M C and 

H” X M C with flat normal bundle, having constant principal curvatures. 
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1 Introduction 

The study of hypersurfaces in product spaces has attracted the attention of many geome¬ 
ters in recent years. First the surfaces with constant mean curvature and more particularly 
the minimal surfaces in product spaces were studied in works of H. Rosenberg, W. Meeks 
and U. Abresch, n, na and |T9]. They were also studied by I. Onnis and S. Montaldo in 
[14] . [T5] . [T8] and B. Nelli in [16], between many others. 

In [2] and [3], J. Aledo, J. Espinar and J. Galvez described the surfaces with constant 
Gaussian curvature in x R and x R. Moreover, J. Espinar, J. Galvez and H. Rosen¬ 
berg, showed in [10] that a complete surface with constant positive extrinsec curvature in 

X R and x R is a rotational sphere. 

In order to unify the notations we are going to denote by Q” the sphere S”, if c = 1 
and the hyperbolic space H"', if c = — 1. 
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The rotational hypersurfaces in Q” x M were parametrized by F. Dillen, J. Fastenakels 
and J. Van Der Veken in [S] where they extended the work of M.P. do Carmo and M. 
Dajczer [5] about rotational hypersurfaces in space forms. 

The hypersurfaces in Q” x M having a special field T as a principal direction were 
locally classified by R. Tojeiro in [22]. The differentiable field T and the differentiable 
function v are dehned by the equation 

djdt = df{T) + UT], 

where / is an immersion of a Riemannian n-dimensional manifold in Q^xM with unit 
normal vector held r] and d/dt is an unitary vector held tangent to M. More particularly, 
the hypersurfaces with constant angle, i.e., the hypersurfaces with constant function z/, 
were also classihed in [22] . 

As we can observe in [2^ Proposition 4], the hypersurfaces in Q” x R has hat normal 
bundle as an isometric immersion into if and only if T is a principal direction of /. 

In [12], R. Tojeiro and F. Manho classihed locally the hypersurfaces in Q” x R, n > 3, 
with constant sectional curvature. 

Motivated by these results, in this paper we investigate hypersurfaces /: M” Q"xR 
with constant principal curvatures. 

It is well known that a hypersurface in a space form is isoparametric if and only 
if its principal curvatures are constant but this does not happen in other ambients, in 
general. For instance in m one can hnd examples of isoparametric hypersurfaces in 
complex projective spaces that do not have constant principal curvatures. See also G. 
Thorbergsson [21] . 

In order to analyze if, for hypersurfaces in Q” x R, is true the equivalence between to 
be isoparametric and to have constant principal curvatures, we obtain a necessary and suf- 
hcient condition presented in Theorem 15.11 for such equivalence to occur in hypersurfaces 
that have T as a principal direction. For this, we prove in Theorem 13.11 the existence of 
a local frame of differentiable principal directions, a result that has been used previously 
in the literature. We consider a hypersurface that has the field T as a principal direc¬ 
tion, construct its family of parallel hypersurfaces and relate their respective principal 
curvatures. 

The main purpose of this work is the classihcation given by Theorem 18.41 of hyper¬ 
surfaces of Q” X R, n 7 ^ 3, with g distinct constant principal curvatures, g G {1,2,3}. 
Initially, we obtain in Theorem 16.21 the classification of hypersurfaces in Q” x R that have 
constant principal curvatures contained in the class having T as a principal direction. We 
prove some results related to the multiplicities of such curvatures such as Theorem 17.11 
and Proposition 17.41 and dually we obtain Theorem 18.41 

2 Preliminaries 

Let Q” denotes either the sphere S” or hyperbolic space H”, according asc = lorc = —1, 
respectively. We consider 

Q” = {(xi,..., Xn+i) G + ^2 H-^ ^l+i = c}, 

with xi > 0 if c = —1 and 

= {(xi,... ,x„+ 2 ) e E’^+Vx^+a = 0}, 
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where we denote by either the Euclidean space or the Lorentzian space 
of dimension (n+2), according as c = 1 or c = —1, respectively. Here (xi, ...,x„+ 2 ) are the 
standard coordinates on and the flat metric (, ) in those coordinates is written as 
ds^ = c dx\ + ... + dx‘^_^_ 2 . 

Given a hypersurface /: M” —)• Q” x M, let rj denote a unit vector field normal to 
/ and let d/dt denote a unit vector held tangent to the second factor M. We dehne the 
differentiable vector held T G TM"' and a smooth function u on M"' by 

d/dt = df{T) + urj. (1) 

Since d/dt is a unit vector held, we have 

u^ + \\Tr = l. ( 2 ) 

Let V be the Levi-Civita connection, R be the curvature tensor of and let A be 
the shape operator of / with respect to r]. The fact that d/dt is parallel in Q” x M yields 
for all X G TM^ that 


V xT = vAX and (3) 

X{v) = -{AX,T). (4) 

Moreover, the Gauss and Godazzi equations are 

R{X,Y)Z = {AX ^ AY)Z + c{{X ^Y)Z - {Y,T){X ^T)Z + {X,T){Y ^T)Z), (5) 

and 

{VxA)Y - (VyH)X = cv{X A F)T, ( 6 ) 

respectively, where (X A Y)Z = (X, Z)X - (X, Z)Y and X,Y,Z e TM^. 

Remark 2.1. By if u is constant and T 7 ^ 0, then T is a principal direction and the 
principal curvature associated to it is equal to 0. 

Gonsider F : M” —)■ given by F := io f where F Q” x R —)■ E’*+^ is the inclusion 

map whose unit normal held f satishes {f, f) = c. If A^ is the Weingarten operator of 
the immersion F with respect to the normal direction we obtain A^{T) = and 

H^(X) = -X, for all X G [T]^ where [T]^ = {X G TM^/{X,T) = 0}. Let V denote the 
Riemannian connection of 

Proposition 2.2. The following equalities hold for all X G TM^ , 


Xx^ = df{X)-{X,T)d/dt, 

(7) 

Xj,^ = -u{X,T)p, 

(8) 

Vj,v = cu{X,T)f. 

(9) 


Two trivial classes of hypersurfaces of Q” x R arise if either T or z/ vanishes identically. 
Both classes will appear in our results. 

Proposition 2.3. Proposition 1] Let f: M" —)■ Q" xW be a hypersurface. 

(i) IfT vanishes identically, then f{M"’) is an open subset of a slice Q” x {t}. 

(a) If u vanishes identically, then f{M'^) is an open subset of a Riemannian product 
X R, where is a hypersurface ofQ/. 
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In |23] one can find a theorem that classihes the totally geodesic hypersurface of x M. 
The same result also holds for H"' x M. 

Theorem 2.4. Theorem 3] Let M"' he a totally geodesic hypersurface o/§” xR. Then 
M” is an open part of a hypersurface x {to} for to G R, or of a hypersurface S‘^~^ x R. 

3 Existence of a frame of principal directions 

In order to prove the results of the next sections, we will need the following theorem based 
on results that can be found in [3, Theorem 2.6] and [1^. It is very important since it 
shows the existence of a local frame of differentiable principal directions. 

Theorem 3.1. Let A be a symmetric tensor of type (1,1) in an oriented Riemaniann 
manifold M^, n >2, with g distinct eigenvalues Ai,..., having constant multiplicities 
mi,..., mg, respectively. Then for each point p ^ M there exist an orthonormal frame of 
differentiable eigenvalues {Xi,... ,X„} defined in a neighborhood U of p in M. 

Proof. Without loss of generality we may suppose Ai > A 2 > ... > Ag. Let us consider 
the g orthogonal distributions Dx^ with i G { 1 ,..., defined by 

Dxfip) = {Yp G TpM; AFp = AWp}- 

Given p G M let U' be a neighborhood of p in M where are defined the differentiable helds 
Yi,... ,Yn such that 

{F/(p), ..., FJ,,^(p)} span the distribution Z 1 ai(p), 

{F^i+i(p),..., span the distribution Dxfip), • • • , 

{F,^,+...+^^_,+i(p),..., Yfij))} span the distribution Dxfip). 

Let us dehne Xi,..., X„ in U' by 

Xl{x) = (24(x) - A 2 /)... {A{x) - \gI)Y^{x), for i G {I,... ,mi}, 

X^{x) = -{A{x) - AiI)(A(x) - A 3 I)... (A(x) - Agl)Yi^(x), for i G {mi + I,... ,mi +m 2 } 
and 

At(i) = n(-4(2^) - 

for each k E {3,..., g} and i G {mi + - • •+mfc_i + l,..., mi + - ■ •+mfc}, with j G {I,..., g}, 
where I is the identity matrix of ordem n and x G U'. 

Observe that those helds depend on x in a differentiable form. This happens because 
the eingenvalues have constant multiplicity and so they are differentiable mi- Moreover, 
as {Xi(p),... ,X„(p)} are linearly independent then {Xi(x),... ,X„(x)} are linearly in¬ 
dependent for all X in a neighborhood 17 C t/' of p in M. Observe also that for each 
X E U the basis {Xi(x),... ,X„(x)} is positive since it has the same orientation as the 
basis {Fi(x),..., W(x)}. 

The characteristic polinomium of the operator A{x) is given by 
p(f, x) = it- A,r^ {t - A^r ^... (t - Agr^ 
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and by Cayley-Hamilton theorem it follows that 


{A{x) - \J){A{x) - A 2 /)... {A{x) - \gl) = 0, 

for each x & U. Then {A{x) — \iI){A{x) — A 2 /)... (A(a;) — XgI)Yi{x) = 0, for all 
i G {1,..., n} and x E U. In this way for all x E U, 

{A{x) - \iI)Xl{x) = {A{x) - \J){A{x) - A 2 /)... {A{x) - \gI)Y^{x) = 0, 

for all i G { 1 ,... mi}, 

{A{x) - \ 2 l)X‘^{x) = -{A{x) - \J){A{x) - A 2 /)... {A{x) - \gI)Y^{x) = 0 , 
for all i E {mi + 1,..., mi + m 2 }, 

{A{x) - Afc/)Xf(x) = i-l)^-\A{x) - \J)iA{x) - X 2 I)... iA{x) - XgI)Y^\x) = 0, 

for all i G (mi + • ■ ■ + nik-i + 1,..., mi + ■ ■ ■ + rrik}. Then, for each x E U, we have that 
A{x)X^{x) = XkX^{x), for alH G (1,..., n} and k E {1,..., g}. 

By the Gram-Schmidt orthogonalization process we obtain orthonormalized sets {X{(a;), 

• • • > ^mi (^) } 5 {^mi + 1 (^)) • • • ) -^mi+m2 (^) } ■+mk-i+li^')'> • • • ’ - hnik (x)},for 

a\\ X E U and k E { 3 ,..., 5 f}. Moreover, let X" and Xj for G {l,...,n} and 
a, /9 G (1,..., S'} with a ^ (3. Then, 

(A„ - \0){Xr,X^) = (A„Vf, A'/> - (A'f.A^A/) = (AAf.A/) - (Af.AA') 

= {.4A”-.4A'f,A'’)=0. 

Since Aq 7 ^ A^, for a 7 ^ /9 we get (X", Xj) = 0, for i,j E (1,..., n} and a, /9 G (1,..., g}, 
a ^ (3. So we obtain a local orthonormal frame of differentiable eigenvalnes (Xi,..., X„}. 

□ 


This leads to the following result. 

Corollary 3.2. Let f: M” —)■ Q” x M, n > 2, be a hypersurfaee having g > 2 distinet 
prineipal eurvatures Ai,..., Xg, with constant multiplicities mi,..., mg, respectively. Then 
for each p E M, there exist an orthonormal frame of principal directions (Xi,..., Xn} in 
a neighborhood U of p in M. 

In the next proposition we obtain some equations that will be useful in this paper. 

Proposition 3.3. Let f: ^ Q” x R 6 e a hypersurfaee having principal curvatures 

with constant multiplicity. Let (Xi,..., X„} be a frame of principal orthonormal directions 
and let A* be the principal curvature associated to Xj. If T is a principal direction, X^ = 


||T|| and Pq = g — vd/dt then 

Xxm = -^^df{X,) + cix{X,, T)e - X,{iy)d/dt, (10) 

X,(||T||)=0, foralU^n, and X„(||T||) = z/A„, (11) 

Xj(z/) = 0, for all i ^ n, and X„(z/) = —An||T||, (12) 

-’^i(7r2 o/) = 0, for all i^n and X„(7r2 o/) = ||T||. (13) 
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Proof. Observe that 



By ([9]) we get VxiVQ = -Xidf{Xi) + cu{Xi,T)^ - Xi{u)d/dt. 


Using equations ([3]) and (jl]), we get for alH G {1,..., n}, 


2||T||X,(||T||) =X,(||T|n =X,(T,T) = 2 (Vx.T,T) = 2j/A,(X,,T) 
and X,{u) = -{A,X„T) = -{Xi,A,T) = -A„(X„T). 


Moreover, 


o /) = d7i,{df{X,)) = 7i2df{X,) = {df{Xi),d/dt) = {X„T). 


□ 


4 Family of parallel hypersurfaces in x M and x M 

Consider the hypersurfaces /: M" ^ Q" X R and i: Q" x R ^ with normal fields rj 
and f, respectively such that 7] is unitary and {^, = c. Let F := io/, tti : Qf x R —)■ Qf 

and 712 ■ Qc X R — )■ R be the canonical projections. Given t G R, p G and v G 
Tf{p){.Qc ^ such that df(^p)7ii{v) = vi and df(^p)7i2{v) = V 2 , the exponencial map in 
Q” X R is defined by 


exp/(p)(tn) = (^Cc(|lni||f)7ri(/(p)) + 5'c(|lni||t)^J^, vr 2 (/(p)) + tv 2 ^ , if Ui ^ 0 and 
exp^(p)(tn) = (7ri(/(p)), 7r2(/(p)) + tv2) , if ui = 0, 


where 



(14) 


Take p G M^, v G Tj(p)(Q” x R) and the curve a: J C R ^ Q” x R given by 
a(t) = expj-(p)(tn). Observe that a is a geodesic in Q" x R that passes through the point 
«(0) = (7ri(/(p)),7r2(/(p))) = f{p) and a'(0) = (ni,n 2 ) = v. 

From now on we will study the families of hypersurfaces that are parallel to a hyper¬ 
surface having T as a principal direction. For this, take /: M"' —)■ Q” x R a hypersurface 
that has T as a principal direction and all the principal curvatures with constant multipli¬ 
city. Let {Xi,..., Xn} be a frame of orthonormal principal directions with Xn = ||T||“^T. 
Observe that / = (tti o /, 0) and Pq = p — ird/dt wich implies that \\pq\\ = ||T|| 7 ^ 0. 
Then the hypersurfaces parallel to / are given by 


/, = CM\T\m ° / + 5e(||T||t)||T||-V + (^2 o / + tu)d/dt. (15) 


For alH G {1,..., n} we have 


d/,(X,) = -ct^,(||T||t)X,(||T||)e + a(||T||t)Vx.e + tCMT\\t)X,i\\T\\)\\T\\-^pQ 

+^,(||T||f)VxJ|T||-ipQ + X,(7r2 o / + tu)d/dt. 
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From ([7]), fflOl) . ffTT]) and ffT^ we obtain 

d/t(X,) = (C',(||T||t)-A,||T||-'^,(||T||t))d/(X,), for^^n and (16) 

dftiX^) = cz/^,(||T||t)(l-tA„)e + (l-tA„)(j/ 2 c,(||T||t) + ||T|nd/(X„) 

+ {l-tXn){l-CMT\\t))u\\T\\v. 

Then ft is an immersion if (FcdlTHf) — Ai||T||“^S'c(||T||t) ^ 0, for alH G {1,..., n — 1} and 
1 — tXn 7 ^ 0 . 

Observe that rjt given by 

Vt = -c||T||^,(||T||t)e o / + CST\\t)vQ + vd/dt (18) 

is a nnit vector held normal to ft- 

Next result gives the relation between the principal curvatures of a hypersurface in 
Q” X M having T as principal direction and the principal curvatures of its parallel hyper¬ 
surfaces. 

Proposition 4.1. Let f: M'^ —)■ Q”xM he a hypersurface having T as a principal direction 
and Xi, i E {1,... ,? 7 ,} its principal curvatures. If ft is a family of hypersurfaces parallel 
to f with principal curvatures Xj, i E {1,..., n} then 

t c||T||^,(||T||t) + A.O,(||T||t) 

* cMT\\t)-xm-^sMT\\ty ^ ^ ^ 

and A(, = ( 20 ) 

Proof. Let {Xi,..., X„} be an orthogonal frame of principal directions of /. 

From flT^ . (Cj), flTOll . flTTl) and flT^ . we conclude that 

Vx,ht = -(c||T||^e(||T||f) + AiC'e(||T||f))d/(XO, for^T^n and ( 21 ) 

= {(l-tA.)||T||C'e(||T||t)-A.5.(||T||f)}cz/e 

+ {-A„(||T||2 + lo^CyWnt)) - cz/2||T||^,(||T||f)(l - fA„)} dfixy (22) 
+ {cu\\Trsy\\T\\t){l - tXy - H|T||A„(1 - 0,(||T||t))} p. 

Observe that if {Xi,..., X„} is an orthogonal frame of principal directions of / then it is 
also an orthogonal frame of principal directions of ft. 

From (1161) and (fT7|) we get 

(d/i(X,),d/^(X,)) = (C'e(||T||^)-Ad|T||-'^,(||T||^))^ for^T^n and (23) 

{dftiXy, dftiXy) = (1 - tXnf. (24) 

Moreover by using ffT 6 l) and fl^ we get for z 7 ^ n, 

-{Vx.Vt, dftixy) = (c||T||^,(||T||f) + A,0,(||T||f)) 

(^c(||T||f)-Ad|T||-i5,(||T||f)). 

From (ITT)) and (12^ we conclude also that 

(Vx„hi, dft{Xn)) = -A„(l - tXn). (26) 

Finally using fl23l) and fl25l) we show f)T9l) and from (I2T1) and fl26l) we obtain (1201) . □ 

Remark 4.2. Since we are supposing that the principal curvatures Xi, i E {1,..., n}, have 
constant multiplicity we conclude that the curvatures A*, z G { 1 ,..., n}, also have constant 
multiplicity and by (fT7^) they are differentiable. 
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5 A necessary and sufficient condition for an isopara¬ 
metric hypersurface of Q^xM having constant prin¬ 
cipal curvatures 

Cartan proved in [1] that a necessary and sufficient condition for a family of parallel 
hypersurfaces in a Riemannian manifold to be isoparametric is that all hypersurfaces 
must have constant mean curvature. 

In the next result we obtain the necessary and suhcient condition that an isoparametric 
hypersurface in Q” x M having T as a principal direction must satisfy to have constant 
principal curvatures. 

Theorem 5.1. Let f: M"" —)■ Q” x M. be an isoparametric hypersurface having T as a 
principal direction. Then f has constant principal curvatures if and only i/||T|| is constant. 

Proof. Dehne the real valued function 


u{t) = 

i=l 


Since T is a principal direction we may use expressions (IT^ and (1201) . Observe that 




dt 


c||T|p + (y)^ for zG n-1}. 


(27) 


If / has constant principal curvatures then A^, 1 < fc < n is also constant. We have 

i=l 

n—1 

that u'{t) = ^c||Tf + (A‘)2 + (A^)l Then 

i=l 


«'(0) = (n-l)c||Tf+ 

i=l 


and ||T|| is constant. 

On the converse if ||T|| is constant the function u is constant and by (|1]), = 0. Hence 

n—1 

from (|20|) . it follows that A^ = 0. So u(t) = A* and consequently its derivative of order 

i=l 

Qkyt 

k is u’^it) = > ——r- Observe that 

w Qfk 


aw* 


dP 


l = 2c||T||W* + 2(A*)h 


(28) 


Let us prove using the induction process that for odd k, 2 < k < n we get, 


aw* 

dt^ 


- = UkpC^\\Tf+^ + Uk,2C^\\Tf-\X^^^ + Uk,^c^\\Tf-\\^f) 

+ ... + (A*) 


ifc-az \n4 


(29) 
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where we denote by the j-th coefficient Uj of the derivative of order fc of A*. 
If k is even, 2 < k < n we obtain 



dt^ 


nfc,iC2||T||*'A* + Mfc,3C^‘ 


\\Tr-^{Xd^ + Uk,,c- 


-iirir 




(30) 


where Ukfl — Uk,l — 2MA:-1,25 '^k ,2 — 3Mfc_i,3 + • • • , Ukj — (j + l)Uk-lj+l + 

(j — , Mfc,fc+i = kuk-i^k- We point out that if k is odd the index j of Ukj is 

an even number and when k is even the index j of Ukj is odd. 

By IHT} . we get ui ^2 = 1- For k = 2 and using equation fl28|) . we obtain 


dt^ 


2c\\TrXl + 2(AD3 = 2u,,2c\\TrXl + 2u,Mr = «2,ic||T||^A( + u^AXl) 


t\3 


vt\3 


that satisfies equation fl30|) . 

By the induction hypothesis let us suppose that equations (l29|) and (130|) hold for the 
index k — 1. We will show that they hold also for the index k. 

If k is an even number then /c — 1 is an odd number and equation fl2^ holds, that is. 


gk-^ 


lirii'- + ||r||*-=(A‘)" 

+Wfc-i,4C 2 ||T||^ ^(A()^ + ... + 


(31) 


By deriving equation (E]), with respect to the variable t, using equation (ETj), we get 

g\t 

+ /cMfc_l^fc(A()^ 

= 2Mfc-l,2C2 ||T||^A* + (2Mfc_i^2 + 4Mfc_i^4)c^“ ||T||^“^(A()^ + ... 

+/i;Mfc-i,fc(A()^+^ 

= Uk,ic^ ||F||''A( + Uk,3C^ ||T||^-2^A*)3 + ... + Mfc,fc+i(A()*'+h 


Then equation fl30l) holds. In the same way it can be shown that equation fl29|) also holds. 

71—1 

Since A„ = 0, we have that m( 0) = A, = (Fi, with C\ constant and 

2 = 1 


n—1 

«'(o) = ^c||r||" + A?, 

2 = 1 

n 

which implies that A^ = (^ 2 , with C 2 constant. Hence 
2 = 1 


«"(0) 


71—1 71—1 

(n-l)2c||rf J;A, + 2J;A? 

2 = 1 2 = 1 


71—1 

(n-l)2c||r||"Ci + 2^A?, 

2 = 1 


71 

and A^ = (^ 3 , with constant. 
2 = 1 
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If k is an even nnmber we get 


n^( 0 ) 


n—1 n—1 n—1 

||Tf A, + ||Tf + uu,,c^ ||Tf 

1=1 2 = 1 2=1 

n—1 

+...+Mfc,fc+i 

nfc,icl||Tf C-i +Lfc,3C^||Tf-2C'3 + nfc,5C^||Tf-4C'5 + ... 

n—1 


2 = 1 


n 

Then ET' is constant. In a similar way we obtain the same if k is an odd nnmber. 
2=1 

n 

Finally we conclnde that A^, 1 < /c < n, is constant. Based on the demonstration of 

2=1 

[SI Theorem 5.8], by Newton identity the coeficients of the characteristic polynomial of 

n 

the Weingarten operator A are also polynomials 1 < k < n. Then the principal 

2 = 1 

cnrvatnres are also constant becanse they are the roots of the characteristic polynomial. 

□ 


Next resnlt for a hypersnrface with constant angle n 7 ^ 1, given by [22l Corollary 2], is 
proved using Theorem 15.11 

Corollary 5.2. Let f: —)■ Q” x M 6 e a hypersurface with constant angle and T 7 ^ 0. 

Then f is isoparametric if and only if the principal curvatures are constant. 

Proof. By Remark 12.11 T is a principal direction. Since / has u constant from ([2]) ||T|| is 
also constant. Moreover by (jl]), A„ = 0 and so by fl20|) . A^ = 0. 

Suppose that the principal curvatures A* of / are constant. By (1191) and fl20D the 
principal curvatures of the family ft are also constant and / is isoparametric. 

On the converse if / is isoparametric, since ||T|| is constant, by Theorem 15.11 the 
principal curvatures of / are constant. □ 


6 Hypersurfaces in x M having constant principal 
curvatures and T as a principal direction 


In this section we classify the hypersurfaces of Q" x M with constant principal curvatures 
having field T as a principal direction. First, we state the following technical lemma. 

Lemma 6.1. Let a:/cM—)-M6ea differentiable function such that a'{s) > 0 and 
a"{s) 7 ^ 0, for all s E I. The solutions of the differential equation a"'(l + (a')^) — 
3(a")^a' = 0 are given by 


a{s) 


V'l - (cis + C2)2 

-r C3, 

Cl 


where ci, C2 and C3 are real constant, 0 < cis + C2 < 1 and ci 7^ 0. 
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Theorem 6.2. Let f: M” —)■ Q” x M., n > 2 be a hypersurface having constant principal 
curvatures and T as a principal direction such that z/(p) ^ 0, for all p G M. Then c = —1 
and f is given locally by f{x, s) = hs{x) + Bsd/dt, for some B E B > 0, where hg is a 

family of horospheres in H”. Moreover the principal curvature associated to the field T is 

B B 

egual to 0 and the others principal curvatures are all egual to , - or - , 

VTTW VTTW 

Proof. By m Theorem 1] if T is a principal direction of / and i>{p) 0, for all p G M 

then / is locally given by / : M" = x J —)■ Q" x M with /(x, s) = hs{x) + a{s)d/dt, 

where a : / —?■ M is a differentiable function such that a'{s) > 0, for all s G /. Moreover 


Ar,X = 


a'{s) 


b{s 

particular, A^^Xi = 


A'^X, for all X G where A^ is the shape operator of hg- In 


a" is] 


a'js) 

b{s) 


Xl{x)Xi, for the principal directions X* G TM'^ ^ of h and 


AT — 

" b^{s) 


T, where b{s) = a/ 1 + a'(s)^. Therefore 


An{Xi) = p.i{x, s)Xi, with /afx, s) = - 
for i G {1, ...,n — 1} and = p.n{x, s)T, with Hn{x, s) = 


b{s) 

a"{s) 




It is known that the relation between the principal curvatures of a hypersurface of 
and the principal curvatures of its parallel hypersurfaces is given by 


Ic 


XUx) = 


cSfs) + Cc{s)Xi{x) 


and therefore 


Pi{x,s) = 


Cc{s) - Sfs)Kix) 
a'{s) ( cSfs) + C'c(s)Aj(a;) 


i G 1}. 


b(s) V C'c(s) - 5'c(s)Aj(a;) 

Let us analyze under which conditions the functions jUi are constant. Observe that 

dX^ X'(x) 


and 


dx (Oc(s) - S'c(s)Aj(a;))2 
= c+(XUx)f. 


For i G {1,n — 1}, 


dfij 

dx 


ds 

aud = 0 .f and only if ^ = 0. 

b{s) dx dx dx 


(32) 


(33) 


Therefore, by ([32]), pj is constant with respect to x if h is isoparametric, that is, if the 
functions Aj are constant for all i G {1, ...,n — 1}. 

Moreover, 


dUi 

ds 


{—a''b + a'b') 


A? 


a'dXf a” a' -a"A| - a'6^(c + (A|)^) 

Then, for i G {1,..., n — 1}, = 0 if and only if a"Xf + a'{l + a'^)(c + (A^)^) = 0. 
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qJ^ ig\ 

Now let us analyze the curvature s) = . We have -^r- = 0 and 


dfin 

ds 


b^{s)' dx 

a'"b^ - 3a"b^b' a!"b - 3a!'b' 


b6 


b^ 


9/i 


Consequently, —dt = 0 if and only if a'"b — 3a''b' = 0, that is, a'"(l + a'^) — 3a"^a' = 0. 
os 

Consider for all s G / and i G ,n — 1}, the following equations, 

a"A| + a'(l + a'^)(c + (A^)^) = 0 and (34) 

a"'(l + a'2) - 3a"^a' = 0. (35) 

As the function a is differentiable of class C°° we may consider just two cases: a"(s) = 0, 
for all s G / or a"{s) ^ 0 for all s E I, restricting the interval / G M, if necessary. 

Case 1: Suppose that a"(s) = 0 for all s G /. Then a'"(s) = 0 and consequently the 
equation fl55]l holds. By equation fl5T|l we get a'(l + a'^)(c+ (A^)^) = 0. Since a'{s) > 0 
we conclude that c + (A^)^ = 0 . 

If c = 1 then 1 + (A|)^ 7 ^ 0. So this case cannot occur for c = 1. 

If c = —1 then (A^)^ = 1. So A| = ±1 which implies that A* = ±1. Moreover, /i„ = 0 

Oj 

and Hi = ±—, for i G {1,..., n — 1}. 

Case 2: Suppose that a''{s) 7 ^ 0 for all s E I. From Lemma [6.11 the solutions of the 

7]^ _ (CiS + € 2 )^ 

equation fl 35 l) are given by a(s) = —-h C3, where Ci,C2 and C3 are real 


Cl 

constant with Ci 7 ^ 0. Let us certify if those solutions satisfy the equation 
that 


Observe 


a'(s) = 


CiS + C 2 


- (ciS + C2)2 


and = 


Cl 


(1 - (CiS + €2)^)2 


Then 


a'(l + a' 2 ) = 


CiS + C 2 

(1 - (CiS + C2)2)i 


Thus, 

a"A,^ + a'(l + a' 2 )(c+(An^) = 


Cl 




(1 - (CiS + C2)2) 2 (1 - (ciS + C2)2) 2 

Then the solutions a(s) of the equation (I5B]) satisfy (IM|) if and only if 

Cl^i + (cis + C2)(c + (A^)^) = 0, 


(36) 


for all s E I. 

Suppose that fl36ll holds, for all s E I. If c + (A®)^ = 0 then ciAf = 0, i.e., A| = 0, for 
all s E I, since ci 7 ^ 0. But, 


xKx) = 


cSc{s) + Ccis)Xi{x) 
C,{s) - S,{s)X,{x) 


= 0 implies that cS'c(s) + C'c(s)Aj(a;) = 0, 


for all s G /, which cannot occur. Then, in this case, it is not possible to have 
c+{Xtf = 0. 
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Moreover, by deriving equation fl36|) we obtain 

o a\s a\s 

^(ciAf + (cis + C 2 )(c + (A|)2)) = Ci^ + ci(c + (A*)^) + 2(cis + C 2 )A|^ = 0. 

By equation fl5^ . it follows that 

2ci(c + (A-)^) + 2(cis + C 2 )A®(c + (A®)^) = 2(c + (A-)^) (ci + (cis + C 2 )A-) = 0. 

Consequently, Ci + (ciS + C 2 )A^ = 0. Since CiS + C 2 > 0, for all s G / we have 
Xf = -—. Thus, in one way, 

CiS + C 2 

9X1 ^ (ci)^ ^ . .2 

as (CiS + C2)2 ^ • 

But, on the other way, from flMl) we have that = c + (A®)^. Consequently c = 0 which 

cannot occur since we are considering only c=lorc=—1. So equation (1361) does not 
hold and the solutions of the equation (I5SD are not solutions of the equation flMD . with 
the condition a"(s) 7 ^ 0 , for all s G /. 

Thus we conclude that a" = 0 and a(s) = Bs with i? G M, -B > 0, since a'(s) > 0 

and z/ is constant, from |22[ Corollary 2], Therefore A = = 0 and /ij = : or 

V 1 + -02 

fii = - , , for i G |1, ■ ■ ■, n — 1|. □ 

Remark 6.3. From Proposition 20], for n > 3, and Remark 7 (i)], for n = 2, 
the hypersurfaces given in Theorem \6.2i are rotational hypersurfaces in H"' x M for which 
the orbits are horospheres. 

7 Multiplicities of the principal curvatures 

In this section we discuss some results about the multiplicities of the principal curvatures 
of hypersurfaces in X M. 

Theorem 7.1. Let f: M” Q” x M, n > 2 6 e a non umbilical hypersurface having 
constant principal curvatures with constant multiplicities and suppose that its function 
u y^O. Then it has at least one principal curvature of multiplicity one. 

Proof. Let {Xi, X 2 ,..., be a local orthonormal frame held of principal directions of /. 

n 

It is possible to write T = As g is the number of distinct principal curvatures 

i=l 

and / is non umbilical then g >2. 

If n = 2 then there exist two distinct principal curvatures and each one has multiplicity 
equal to 1 . 

If n = 3 then g = 2 or g = 3. If g = 2 one of the curvatures has multiplicity equal to 
2 and the other one has multiplicity equal to 1. If 5 ^ = 3 each curvature has multiplicity 
equal to 1 . 
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If n > 4 suppose that all the principal curvatures have multiplicity greater than or 

Tl Ti — 1 

equal to 2. In this case 2 < < —, if n is an even number and 2 < g < — - — if n is 

an odd number. For a given p G consider Bp = {i ^ {1,n}/AXj = ApXj}. 

Observe that Bp has at least two elements. 

For a given p, consider the Codazzi equation, 

VxMj - Vx.AXi - X,] = cu{b,Xi - kXj), (37) 


for ij G Bp. 

We have Vx.A^j - Vx^AX^ = Ap[W,X,] 

n 

A[X„X,] = Thus, 

k=l 


Ap 5 ^([W,X,],Xfc)Xfc and 

k=l 


Xx^AXj - Xx,AX, - A[Xi,X,] = {[X^, X,], Xk){XpXk - AX^). (38) 

k^Bp 


From equations (imi and fl55D . we get 

{[Xi, Xj], Xfc)(Ap - Afc)Xfc - cvhjXi + cvhiXj = 0. 

k^Bp 

Since i,j G Bp with i ^ j, k ^ Bp and i/ 7 ^ 0 we should have = bj = 0 for all i,j G Bp, 
that is, T does not have components in the directions corresponding to principal curvatures 
whose multiplicities are greater than or equal to 2 . So, assuming that there does not exist 
principal curvatures whose multiplicities are one, we conclude that T = 0. Finally we 
conclude that /(M"") is an open subset of a slice Q" x {t} and thus is totally geodesic. 
But this is against the hypothesis g > 2. So / has at least one principal curvature with 
multiplicity one. □ 

Remark 7.2. From the proof of the previous theorem we infer that T has no components 
in the directions whose correspondent curvatures have multiplicities greater than or equal 
to 2. 


Remark 7.3. Theorem \7. 1\ holds also for z/ = 0 if c = —1 since the corresponding curva¬ 
ture of the factor M is A = 0 and the others curvatures are non zero by m Theorem 5], 
It is true also for z/ = 0 and c = 1 if g = 2 and g = 3, excluding the cases when f{M"') is 
an open set of x M where is a Cartan’s hypersurface for n G {7,13, 25}. 


Proposition 7.4. Let f: —)■ Q” x M, rz, > 3 6 e a hypersurface with constant principal 

curvatures and respective multiplicities also constant having function z/ 7 ^ 0. If just one 
principal curvature has multiplicity equal to one then the vector field T is a principal 
direction corresponding to that curvature. Moreover, all the curvatures having multiplicity 
greater than one do not vanish. 


Proof. Let {Xi, X 2 ,..., X„} be a local orthonormal frame of principal directions of /. Sup¬ 
pose, without loss of generality, that X„ is associated to A, i.e., AXn = AX„. By Remark 
Oif A is the only curvature of multiplicity one then T = bXn where b : U <Z M" —)■ M is a 
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differentiable function defined on an open subset U C where the fields Xi,X 2 , ■■■,Xn 
are dehned. 

From the hypothesis we know that g > 2. For a given p E {1, 5 ^ — 1} let Bp = {i G 
{ 1 ,n}/y4Xj = PpXi} with pp ^ X = pg. Observe that Bp has at least two elements. 
Consider the Codazzi equation 

Vx.klX, - Vx,X,] = cu{b,X^ - b^X,), (39) 

for i E Bp. We have 

^Xn^^i ~ — XVXiXn and (40) 

n 

4l[X„,X,] = E(^.v „X,-Vx.Xn,Xk)AXk. (41) 

k=l 

Therefore from equations fITOl) and flTTl) we get 

n 

Vx„AX,-VxA^n-A[X^,X,] = J2(^Xr.X„Xk){ppXk-AXk) 

k=l 

n 

-J2{Vx,X^,Xk){XX,- AXk). 

k=l 

Now using (13^ we get 

^ ^ {VXn^iy ^k) P'fc)^A: ^ XjV-ni V-k ) (-^ P'fc)^fc CubiX^ T CubnXi 0. 

k^Bp k^n 

Then 

cub - {VxiXn, Xi) (A - pp) = 0, Vi e Bp, (42) 

and 6 = 0 {VXi^n, Xi) = 0 for i G Bp. 

By ([3D, uppXi = VxiT = VXibXn = Xi{b)Xn + bVXiXn, i G /3p, which implies 
that upp{Xi,Xi) = Xi{b){Xn,Xi) + b{VxiXn,Xi), i.e., b{VxiXn,Xi) = upp. Then 
cub{VXiXn, Xi) = cu‘^Pp and by equation (I42D . 

{VxiXn, Xi)‘^{X - Pp) = cu'^Pp. 

Consequently 

b = 0 (yXiXni Xi) =0, \/i E Bp ^ Pp = 0. 

If /ip = 0 then 6 = 0 and T = 0, that is, f{M) is totally geodesic, which is impossible 
since g >2. Then T is a principal direction and all the curvatures of multiplicity greater 
than one do not vanish. □ 

From Theorem 16.21 we obtain the converse of Proposition 17.41 and next result is also 
true. 

Proposition 7.5. Let f: —)■ Q” x M, n > 3 with function u ^ 0 be a hypersurface 

having constant principal curvatures with constant multiplicities. Then the vector field T 
is a principal direction if and only if there exist only one principal curvature of multiplicity 
one. Moreover, all the curvatures of multiplicity greater than one do not vanish. 
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8 Hypersurfaces of Q^xM with constant principal cur¬ 
vatures for g €{1,2,3} 


In this section we present a result that classihes hypersurfaces with constant principal 
curvatures. For this we need some propositions. 

Proposition 8.1. Let f : —)■ x M 6 e a surface with two distinct constant principal 

curvatures Ai and X 2 - Let {Xi,X 2 } be an orthonormal frame of principal directions corres¬ 
ponding to Ai and A 2 . Consider T = hiXi + 62 -^ 2 ? where 61 , 62 : —)■ M are differentiable 

functions. Then 


A 1 A 2 + 2 cz/^ + 


c(Ai6i - A262) 2z/^(6i + 6|) 


A 2 — Ai 


+ 


(A 2 -Ai)^ 


= 0 . 


Proof. From Codazzi equation we get 


VX1AIX2 - Vx.AlXi - AI[Xi,X2] = cu{b 2 X, - 61X2). 


(43) 


(44) 


Observe that 

Vxi^X 2 = A2VX1X2 = A 2 (VxiX 2 ,Xi)Xi, 
since Xi(X 2 , X 2 ) = 0. In a similar way we get 


Vx,AIXi = Ai(Vx,Xi,X 2 )X 2 . 


Thus, 

24[Xi,X2] = AI(VxiX 2 - Vx,Xi) = Ai(VxiX2,Xi)Xi - A2(Vx,Xi, X2)X2. 
From equation fl44D . 

(A2 - Ai)(VxiX2,Xi)Xi + (A2 - Ai)(Vx.Xi,X2)X2 = Cu{b2X, - 61X2), 
which implies, as Xi and X 2 are linearly independent helds, that 

(A 2 - Al)(VxlA^ 2 , ACi) = cz /62 and (A 2 - Ai)(Vx 2 A^i,^^ 2 ) =-cz/ 61 , 

that is. 


Thus 




(A 2 — Ai) 

-cz /62 




(A 2 — Ai) 

cnfoi 


(45) 


(46) 


By O, we get 

Vx.r = Vx.( 6 iA'i+ 62 A 2 ) = Ai( 6 i)Ai+ 6 iVx.A'i+A',( 62 )A 2 + 62 Vx.A 2 = i^AiA, and 
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Vx,T = Vx.ipiXi + 62X2) = X2(6i)Xi + feiVx.Xi + X^{h 2 )X 2 + 62Vx,X2 = i/A2X2. 
Making the inner product of both equalities above with Xi and X 2 , we conclude 


Xiih) = fei(VxiX2,Xi) 


cz /6162 

A 2 -A 1 ’ 


Therefore Xi{b 2 ) 


X^ih) = b2{Xx,Xi,X2) = — 

A2 - 

—X 2 (bi). Moreover, 

Xi(6i) + 62(VxiX2,Xi) = i/Ai, 


X2{b2) + bi{Xx,X,,X2) = uX2. 
From equations flT7|) and (jlH] ) we obtain 


Xi(6i) = 


X 2 ( 62 ) = 

So, by (HD, 

X,{u) 

X 2 W) 

Using now Gauss equation we obtain 


v\i — 


iyX2 + 


cv{b2Y 

A 2 — Ai ’ 

cyjhif 

X 2 — Ai 


— —A 161 , 

= —X2b2- 


{R{X,,X2)X2,X,) = XiX2 + cu\ 


Observe that 

^[Wi,X2]-^2 


V(VxiX2-Vx2-^l)W 

^((Vxi-^2,-Vi)Xi-{Vx3-^1,-Y2)-Y2)W 


(Vx.A'2,Xi)Va-.A'2 - {Va-.A„A2)Va2 A2. 


(47) 


(48) 


(49) 


(50) 


(51) 


Then 

(V[Xi,X2]^2,^i) = (VxiX2,Xi)2 + (Vx2Xi,X2)2. 

From equations fl^ and fH5l) . we obtain 


{VxiVX 2 X 2 - Vx2VX 1 X 2 ,Xi) = A 1 A 2 + CJ22 + + (52) 

(A 2 — Ai)^ 

Observe, by equations fj45l) that (VX 1 X 2 , VX 2 X 1 ) = 0 and so X 2 (VxiX 2 ,Xi) = 
{VX 2 VX 1 X 2 ,Xi). In order to compute (VX 2 VX 1 X 2 ,Xi) we derive the hrst equality of 
fH5ll with respect to X 2 and use also the second equalities of equations fjT^ and fl50l) 
getting 


-(Vx2VxiX2,Xi) 


— 0 X 2 ( 1 ''^ —bl) 

X 2 — Ai (A 2 — Ai)2 


(53) 
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From equations fH7|) it follows that {Vx 2 ^ 2 -i'^Xi^i) = 0 and so Xi(Vx 2 -^ 2 ,= 
(S X 2 ^ 2 -i Xi). In order to compute (Vxi Vx 2 -^ 25 -^i) we derive the second eqnality of 
fH7|) with respect to Xi and use the hrst equation of and fISUD obtaining 


(VxiVx2X2,Xi) 


A 2 — Ai 


By snmming eqnations fl5^ and fl53|) . we get 


v%l 

(A 2 -Ai) 2 - 


(54) 


(Vxi Vx2-^2 — Vx2Vxi-^2, -^ 1 ) 


2 c(A 2 &i - Xibf) _ ly^jbj + bj) 

A2 — Ai (A2 — Ai)^ 


(55) 


Finally from eqnations (l5^ and (1521) we conclude that 


A1A2 + 2 cz/^ + 


c^Xibj - A 2 & 2 ) 2z/^(6^ + 6|) 


A 2 — Ai 


+ 


(A2 -Ai)2 


0 . 


□ 


Next result shows that a minimal surface of x M with principal constant curvatnres 
is totally geodesic. 

Corollary 8.2. The minimal surfaces of Qf x M. with principal constant curvatures are 
totally geodesic. 


Proof. Snppose that there exist a minimal surface with two distinct constant principal 
cnrvatnres A 2 = — Ai. From Proposition 18.II we get 


-A^ + 2cz/ 


2 c\i{bj + bl) 2u‘^{bl + bl) 


2Ai 


+ 


4Af 


= 0 . 


We already know that + 6 ^ + 63 = 1 and thus 

—A^ + 2cif^ H---h 


2 , o„,,2 , c(i/2-l) 2z/2(l-n2) 


4A? 


= 0 , 


that is, 

-u‘^{l + 5c\l) +Xl{2\l + c) = 0. (56) 

So we obtain a biqnadratic eqnation on the variable u, with constant real coefficients. If 
eqnation fl56l) has a solution then the fnnction u is constant and conseqnently 0 = Xi{u) = 
— {AXi,T) = —biXi, with i G {1,2}. If Ai = 0 then A 2 = —Ai = 0, but this cannot occur 
since we are assnming Ai 7 ^ A 2 . Then 5i = 62 = 0 and T = 0. Thus there does not exist a 
minimal snrface in x M with two distinct constant principal curvatures. □ 

Proposition below shows that a hypersurface in Q” x M, n > 4, with u ^ 0, that has 
three constant principal curvatures of constant mnltiplicities may not have two principal 
cnrvatures of mnltiplicity one. 


Proposition 8.3. Let f: M"' Q” x M, n > 4, be a hypersurface with three constant dis¬ 
tinct principal curvatures X, /i and 7 of constant multiplicities and suppose that z/(p) 7^ 0 , 
for all p G M"'. Then there do not exist two principal curvatures of multiplicity one. 
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Proof. Suppose there exist two principal curvatures A and /r of multiplicity one. Let 
{Xi, X 2 ,..., Xn} be a frame of principal orthonormal directions such that AXi = XXi, 
AX 2 = frX 2 and AXj = 'yXj, for j > 3. From Remark 17.21 we obtain T = hiXi + 62 -^ 2 , 
where 61 , 62 : M, t/ C M"" are differentiable functions. 

From Codazzi equations, given in ([ 6 ]) we get 

VxiAlX 2 -Vx.AlXi-Al[Xi,X 2 ] = CK& 2 X 1 - 61 X 2 ), (57) 

XxiAXj — XxjAXi — A[Xi,Xj\ = —cubiXj, for each j G {3,..., n}, (58) 

Vx 2 ^Xj — ^XjAX 2 - ^[X 2 , Xj\ = -CZ/ 62 XJ, for each j G {3,..., n}, (59) 

XxpAXj - XxjAXp - A[Xfi, Xj] = 0, for j G {3,..., n} and (3^1, 2,j. (60) 


From equation fl57D . we obtain 

fiVx,X2 - AVx.Xi - R(VxiX 2 - Vx,Xi) = cu{b2X, - & 1 X 2 ), 

that is, 

n n 

J 2 {^x,X 2 ,Xk){fiI - A)Xk + 5 ^(Vx,Xi,X;)(AI - \I)Xi - 01/62X1 + CZ/61X2 = 0 . 

k=l 1=1 

Thus, 

{VxiX2,Xi)(/i - A) - cz/62 = 0, . . 

(Vx,Xi,X2)(/i-A) + cz/6i = 0 ^ 

and (VxiX2,Xj)(/i - 7 ) + (Vx2Xi,Xj)(7 - A) = 0, for each j G {3,... ,n}. (62) 

Proceeding analogously with equations fl58l) . fl59ll and (1601) from equation fl58l) we obtain 
for each j G {3,..., n}, 


(VviX,-,Xi)( 7 -A) = 0 , ( 63 ) 

(VxXi,X,)( 7 -A) + cz/ 6 i = 0 , ( 64 ) 

(VxiXi,X ^)(7 - A) = 0 , /3 7 ^ 1 , 2 ,j, and ( 65 ) 

(VxiX„X2)(7-/i) + (Vx,Xi,X2)(/i-A) = 0. (66) 

By equation fl 5 ^ we conclude for each j G { 3 ,..., n} that 

(Vx2X„X2)(7-/i) = 0, (67) 

(VviX2,Xj)( 7 -/i) + 01/62 = 0 , ( 68 ) 

(VxX 2 ,X^)( 7 -/i) = 0, /3 7^1,2,j, and (69) 

(Vx2X„Xi)(7-A) + (Vv,X2,Xi)(A-/r) = 0. (70) 


By using equation fl 60 l) we get for each j G { 3 ,..., n} and /3 7 ^ 1 , 2 , j, 

(Vx,X,,Xi)-(Vx,X;3,Xi) = 0, 

(Vx,X,,X 2 )-(Vx,X^,X 2 ) = 0 . ^ 

From equations ( 16 ^ . fl 69 |) and ( 171 ]) . it follows that 

(Vx,X,,Xi) = 0 and (Vx,X,, X 2 ) = 0 . ( 72 ) 
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from equations fl6T|) to fITOl) and fl72|) we conclude, for each j G {3, ..., n}, that 








Vx.df, 

Vx.Xi 

Vx,X 2 

Vx,X, 


cvbo 


fi — X 


X. 


2, 




i=3 


(Vx,Xi,^2)-^^3^X2+ {Vx,X^.Xp)Xp, 


cuhi 


fi — X 


A '2 + 5 ;(Vx,A'i,A',)A',, 


J=3 


cubi 

/i — A 


^ 1 , 


{VA-,A2Wi>h—^Ai+ V {Vx,Xj,Xf)Xf, 
^ ^ 

(Vx,Ai,A 2 >A 2 -^A„ 

^ 7 — A 

^x, + ^X 2 + 5 : (V...X,,X,)X„ 

{Vx,Xj,X,)Xi. 


From equalities ([3]) and (H]), for all X G we get 

X,{u) = -A 61 
X2{J^) = -/i &2 
Xj{i^) = 0, jG{3,...,n}. 


Moreover from 


(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 

(80) 
(81) 
(82) 


(83) 


Va-.(5iAi + fc.Yj) = Ai(6,)Ai + bXxXi + X,(h)X^ + ftjVx.-Y^ = i^AAi, 
we obtain 


Xi(6i) 

cvbl 

= z/A- 

fi — X 

cvbib2 

(84) 

Xi( 62 ) 

p-A’ 

(85) 

b2{Xx,X2,X,) 

= 0, for each j G {3,..., n}. 

(86) 


Analogously, deriving T with respect to X 2 , we obtain 

XxAbiXi + 62X2) = X2(6i)Xi + 6iVx,Xi + X2(62)X2 + b^X x.X^ = 
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and therefore, 


XM = 


cz /6162 


/i-A’ 

Y (h \ M 

^2{02) = + 


yU — A’ 

bi{Vx 2 ^i,^j) = 0, for each j G {3,..., n}. 


On one hand nsing Ganss eqnation (I5j), we obtain 
K(Xj,X2) = A(J + CI^^ 


K{XuX,) = A 7 + 0 ( 1 - 6 ?), je{3,...,n], 
K(Xi,Xj) = fi 7 + c(l- 6 |), j6{3, 


(87) 

( 88 ) 
(89) 


(90) 

(91) 

(92) 


On the other hand, we know that 

K{X,,X2) = {i?(Xi,X2)X2,Xi) = (Vx7Vx,X2 - Vx,Vx7X2 - V[X7,X.]^2, ^1). 
From eqnations (1731) and (1771) we get 

cvbi 


(Vx7Vx,X2,Xi)=Afi 


and from (183|) and (18^ . 


(Vx7Vx,7^2,Xi) = 




cA(z/2 - b\) v%l 


fi — \ [jj, — A)^ 

By nsing now eqnations (ITil) . (1761) . (18^ and (l 88 l) . we arrive to 

-(Vx,Vx7X2,Xi) = {Vx,X2,Vx2Xi)-X2{Xx,X2,X^) 

i=3 

and so 




/i — 7 \yU — A 


- (V..V..A'..A'.) = X:(Vx..n, 

“ /i-7 /i-A (/i-A)^ 

Observe that 


(93) 


(94) 


X^x,.x,\X■2 = ^^Vx.A2 + ^{Vx.Ai,A,)h—^Vx.Aj 

i=3 ^ 'A 


/i — A 

cvbi 

fi — X 


XX 2 X 2 -E(v X2Xi,X,)Vx,X2. 

j=3 


Thus, 


■(V[js:i,X 2]A^2, A^i) — 


^ 42(62 + 52 ) 

(h - A)2 


Y^XxXuXi)Xx,X^,X,) (1 


J=3 


(A -7) 

/i-7 
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From fl78|) and flHOj) . we get 


(V-X2,Xi) = (Vx,X„Xi) 


( 7 -A) 
/i — A 


and so 


(V|*._v.,.Y2,A'i) = 


I' 6; + 


1 T " 2 ; 


(fi - \y 




J=3 


/i — A 


/r-7 


( 95 ) 


By snmming fl9^ with fiMl) and fl95l) and comparing with fl90|l . we get 


2z/2(1-i/2) , , X , c{bj\-blfi) 2 (A- 7 ) 


(/X - A)^ 


-|- 2cix -|- A/x -|- 


/X — A 


/x-7 


= (96) 


i=3 


Proceeding analogonsly for K{Xi,Xj) and K{X 2 ,Xj) we conclnde for each j >3, that 


cA(i /2 - bj) z /2 






7 —A 7 —A \7 —A /i —A/ (/X — A )(7 — /i) 
2(/i-A) 


- A 7 - c(l - 6 ?) 


7 -/X 


-(Vx,Xi,X2)^ = 0, 


(97) 


c/i(z/^ - &^) ^ _ bl A 

7-/X 7-/iVh-A 7 -/^/ 

+ 2(/i-A) (v^^Xi^X2)^ = 0. 


v‘^b\ 

( 7 -A)(/i-A) 


- /X 7 - c(l - bl) 


(98) 


From flH^ we get 6 i(Vx 277 i, X^) = 0, for each j G {3,... ,?x}. Snppose that bi{p) = 0, 
for all p G t/ C M'^. Then T is a principal direction. As we are snpposing z/ 7 ^ 0 from 
Theorem 16.21 we get c = — 1 and g = 2, which is against the hypothesis g = 3. So 
it mnst exist a po snch that &i(po) 7 ^ 0. Since the fnnction bi is continnous there exist a 
neighborhood V C U C M" of po snch that &i(p) 7 ^ 0 for all p G 17. Thns ^j) = 0 

in V, for each j G {3,..., n}. 

From eqnations fl62|) and (l 66 |) we conclnde that 


(VxaA^ijXj) — 0 -v^ {VX 1 X 2 , Xj) — 0 (Vx^.Xi,X 2 ) — 0, for each j G {3, 

Therefore, from eqnations (196|) . fl97)) and (198|) we obtain in 17, respectively. 


2z/2(1 - z/2) dbjX - big) 


(p-A)2 

cA(z/2 - 62) 


T 2cv T \g T 


g — X 


= 0 , 


+ 


Z/262 


7 -A ( 7 -A )2 ( 7 -h)( 7 -A) 


c/x(z/2 - 62) 


z/' 


■bl 


+ 




7-p (7 -f)^ (7-f)(7-A) 


- A 7 - c(l - bj) = 0, 


- /X 7 - c(l - 62 ) = 0 . 


,n}. 


(99) 

( 100 ) 

( 101 ) 
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Replacing b^hy 1 — — h\ in equation fl^ . we get 


-cbi 


2 (A + /i) 2 c/x(l-i/2) 2 z/2(1-i/2) 


— AyU -\- ‘2cv 


+ 


fi — X -f-i- /i — A ' (/i — A)2 

With analogous arguments used in Proposition 18.21 we conclude that A + p 7 ^ 0. Then 
2c 2 (/^ “'^)(“3/i + 2A) — 2c fi 


bi = u^ 


+ 


[fi + A)(/i — A) [fi + A)(/i — A) 

By summing (llOOh with (1 10 II) we get 


+ 


/i + A 


(1 - cX{fi - A)). ( 102 ) 


cu 


A 


+ 


fi 


7 — A ^ — f^ 

Z/2(l - Z/2) 


cXb\ cfib\ 




V^l 


7 — A 'y — f^ 

7 (/i + A) -c(l + z/2) 


(7-/i)(7-A) 

Now replacing 63 by 1 — — 6 ^ in (11031) we get 


(7 - A)2 

= 0 . 




(103) 


z/ 


[fi-X) 


(7 -/i) 2(7 - A) 
7 (yU + A) + cbl 


+ z/^ 




-[fi - A) + cA (7 - fiY + 2 c/i (7 - fi)['y - A) 


7 -/i 7 


A 


(7 

+ Z/262 


h)^(7 

1 


A) 


(7 - (7 - A)^ 


= 0 . 


C7 

y-fi 


(104) 


After replacing (11021) in (11041) we observe that the greatest power of u in the last 

equation is z/® whose coefficient is ( 7 -rrr — -r--;r ) 7 - 7^7 -rr- If fhat term 

V( 7 -h)^ (7-A)V (h + A)(/x-A) 

is different from zero the equation has grade six and has constant real coefficients in the 
variable u. If not, i.e. if (7 — A)^ = (7 — h)^ we have y — X = y — fi or y — X = —(7 — fi). 
If y — X = y — fi then X = fi which is against the hypothesis X ^ fi. If 7 — A = —(7 — /i) 
then fi — X = 2(7 — A). Finally, the greatest power of u would be of fourth order and 

the coefficient of z/^ is 7 - 77 which does not vanish. In that case we would have a 

(7 - 

biquadratic equation with real constant coefficients on the variable u. 

Therefore, assuming the existence of two constant principal curvatures with multiplicity 
one and z^(p) 7 ^ 0 for all p G M" the function u must satisfy equation (llU4p . In that case 
the function u would be constant and consequently T would be a principal direction. Now 
using Theorem 16.21 we would obtain c = —1 and g = 2, against the hypothesis g = 3. 

Finally the conclusion is that there does not exist two principal constant curvatures 
with multiplicity one if we suppose also ii[p) 7 ^ 0, for all p G M"'. □ 


Taking into account the previous results we are ready to prove the local classihcation 
of hypersurfaces in Q" x M, n 7 ^ 3, having constant principal curvatures and g G {1, 2, 3}. 

Theorem 8.4. Let f: —)■ Q” x M 6 e a hypersurface with constant principal curvatures. 

(i) If g = 1 and n>2 then f[M"‘) is an open subset o/Q" x {to}? for any to or an 
open subset of a Riemannian product x R. In the last case if c = 1, M"‘~^ is 

a totally geodesic sphere in §" and if c = —1, is a totally geodesic hyperplane 

in H”. 


23 










































(ii) If 9 =and n > 2 then c = —1 and f is locally given by f{x, s) = gs{x) + Bsd/dt, 

for some i? G M, -B > 0, with x I, where Qs is a family of horospheres 

in H”, or f{M^) is an open subset of a Riemannian product x M. In the last 

case, if c = 1 then is a non totally geodesic sphere in §" and if c = —1, 

is an eguidistant hipersurface, a horosphere or a hypersphere in 

(iii) Suppose that g = 3, n > 4 and the multiplicities of the principal curvatures are 

constant. Then if c = 1, f{M"’) is an open subset of a Riemannian product S^(r) x 
§'^(s) X M, with n = p + g + 1 and = 1 or an open subset of the product 

X M, where M"‘~^ is a Cartan’s hypersurface with n G {4, 7,13, 25}. If c = —1, 
fi^M'^) is an open subset of the Riemannian product x x M. 

Proof, (i) Suppose that g = 1. If i/ = 0 from Remark 12.11 we infer that the held T is a 
principal direction with corresponding principal curvature A = 0. Then / an umbilical 
immersion implies that all the principal curvatures are zero, i.e, / is totally geodesic. In 
this case, / is an open subset of a Riemannian product M'^~^ x R, where is a totally 

geodesic hypersurface in Q”. 

Let us now suppose that i/(p) ^ 0, for all p G M. Take {Xi, X 2 ,..., X„} a local 

n 

orthonormal frame held of the immersion /. We can write T = hiXi. From hypothesis 

i=l 

we have AXi = AXj for alH G {1,..., n} where A is constant in R. 

From Codazzi’s equations we get. 


Vx,AX, - Vx.AXi - Al[W, X,] 


cu{bjXi - biXj), 


which implies 0 = A[Xj,Xj] — A[Xj,Xj] = cv{bjXi — biXj). Since u ^ 0 and the helds Xj, 
Xj are linearly independent for i j it follows that bt = bj = 0 for all i,j G {1, ...,n}. 
Then T = 0 and f{M^) is locally an open subset of Q” x {f}, which proves item (i). 

(ii) Suppose now g = 2. By [20l Proposition 2.2] the multiplicities of the principal 
curvatures are constant. Let us consider two subcases n = 2 and n> 3. 

First case: n = 2 

Replace b^ = I — — b‘1 in equation fl43l) to get. 


— 


2(Ai + A2) , , , . 2 cA 2(1-I^^) , 2z/2(l-I/2) 


— A 1 A 2 T 2cu — 


+ 


A 2 -A 1 — ^ 2 -Ai (A 2 -Ai )2 

From Corollary 18.21 we obtain Ai + A 2 7 ^ 0 and so. 


bl = -c 


(A2 - Ai) 


A 1 A 2 T 2ch' — 


2 cA 2(1 — , 2 z/^(l — 


Ai + A 2 

Replace also b^ = 1 — — b^ on equation 


+ 


A2 - Ai (A2 - Ai )2 

to get. 


(105) 


- 2u^ + + blE = F, 


(106) 


where D = 2 c(A 2 — Ai)^ — cAi(A 2 — Ai) + 2, E = —c(A| — A^) and F = —AiA 2 (A 2 — Ai)^ — 
cAi(A 2 — Ai). Deriving equation (llOOh with respect to X 2 we get 


— 8z/^X2(z/) + 2 vX 2 { y)E + 262X2(62).^ — 0. 


(107) 


24 














If A 2 = 0 from equation fl50|l . X 2 {h') = 0 and from equation fll07p . 62 d^ 2 (^ 2 ) = 0. Then 
62 = 0 or the expression for X 2 {h 2 ) given by dlSD, = 0 or 61 = 0. If z/ = 0, the held T is a 
principal direction. If z/ 7 ^ 0 then 62 = 0 or 61 = 0. Suppose that there exist Xq such that 
&i(xo) 7 ^ 0. Then by continuity there exist a neighborhood V of Xq such that bi{x) 7 ^ 0 for 
all X E V. Then b 2 {x) = 0 for all a: G Id and T is a principal direction. Finally if A 2 = 0 
it follows that T is a principal direction. 


Suppose that A 2 7 ^ 0. From fISOl) . 62 


X2iiy) 

A 2 


and from equation fll07p we get 


X2iiy) 


2E 

- 8 z/^ + 2uD — 7—X2{b2) 
A 2 


0 . 


Therefore X 2 (z/) = 0 or — 8 z/^ + 2iyD 


2E 

Ao 


X2{b2) = 0 . 


If X 2 (z/) = 0 we obtain 62 = 0 and T is a principal direction. If not, 


2E 

- 8 z/^ + 2i>D —— ( Z/A 2 + 
Ao 


cvipi 


A 2 — Ai 


= 0 . 


So, 


— 8 z/^ + 4z/ + 4 cz/(A 2 — Ai)^ — 2 cz/Ai(A 2 — Ai) + 2 cz/(A 2 — A^) + - 


A 2 


bl = 0 . (108) 


From fllOSH we get 


2z2(A2 + A 


Fz .2 


A 2 


bl = — 2 cz/Ai(A 2 — Ai) + 2z/(l — 


4 z/ 3 (A 2 - Ai) Acu\l - z/^) 

A 2 A 2 (A 2 — Ai) 


(109) 


By replacing (110911 in (I108p it follows that 


4c 


Observe that 


A2(A2 — Ai) 

4c 


z/ 


V. 


A 2 (A 2 — Ai) 


(“ + + '=(A2 - AO^) = 0. 


7 ^ 0 and we obtain a polynomial of hfth grade on the variable 


Note that z/ = 0 is a solution for that equation and T is a principal direction. If there 
are other solutions for that equation, also in that case v is constant and T is a principal 
direction. 

In this way we conclude that in case g = 2 and n = 2, the held T is a principal 
direction. 

Let us analyze now what occurs if z/ = 0 and z/ 7 ^ 0. 

If z/ 7 ^ 0 the surface is locally given by Theorem 16.21 If z/ = 0 the surface is a cylinder 
over a curve, /(M^) = a x M, where a is a circle non totally geodesic in if c = 1 , or a 
is a equidistant curve, a horocycle or a hyperbolic circle in if c = — 1 . 

Second case: n > 3 

If z/(p) 7 ^ 0, for all p G M, from Theorem 17.11 the immersion / has at least one principal 
curvature with multiplicity one. As n > 3 and g = 2 there exist only one principal curva¬ 
ture with multiplicity 1 and from Proposition 17.41 T is a principal direction corresponding 
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to that curvature. Then / is given by Theorem 16.21 From Remark 16.31 it is a rotational 
hypersurface. 

If 1 / = 0 then /(M”) is an open subset of the Riemannian product x M, where 

M'^~^ is a hypersurface of Q”. Since the principal curvature corresponding to the factor M 
is null, using the classification of the isoparametric hypersurfaces in Q”, see m Theorem 
5] and [HI p.4] the other curvature may not be zero. So must be an isoparametric 

umbilical and non totally geodesic hypersurface in Q”. This proves item (ii). 

(iii) Suppose now g = 3. According to the considered dimension, there are three 
possibilities for the multiplicities of principal curvatures: two curvatures with multipliciity 
1, just one curvature with multiplicity one and all the curvatures with multiplicities > 2. 
Let us analyze each case. 

First case: Suppose that two of the curvatures have multiplicity one. 

From Proposition 18.31 we don’t have z/(p) ^ 0, for all p G M^. Therefore i/ = 0 and 
consequently is an open subset of the Riemannian product x M. Then one 

of the curvatures must be zero. 

Ifc = —1, A = 0 and the principal curvatures of an isoparametric hypersurface with 
g = 2 in satisfy /ly = 1 and A = 0 has multiplicity one. Then /(M"') is locally the 
product X x M or x x R. 

If c = 1 and n > 4, /(M”) is an open subset x x R. Moreover for n = 4 it may 
also occur that /(M”) is locally given by x R, where is a tube over a Veronese 
surface in 

Second case: Suppose that just one curvature has multiplicity 1. 

If z/(p) 7 ^ 0, for all p G M^, from Proposition 17.41 the field T is a principal direction 
and from Theorem 16.21 we get c = —1 and g = 2, which may not occur. Then z/ = 0 and 
is an open subset of the Riemannian product x R. In this case the curvature 

with multiplicity 1 is A = 0. 

Now let us explicit if c = —1 and c = 1. 

If c = —1, is an open subset of x x R, with k > 2 and n > 5. If 

c = 1, is an open subset of x x R, with k >2 and n > 5. 

Third case: Suppose that all the curvatures have multiplicity > 2. 

From Remark 17.21 we get u = 0 and one the principal curvatures is A = 0. Moreover, 
is an open subset of the Riemannian product x R. 

Then if c = — 1, by [HI Theorem 5], there does not exist isoparametric hypersurfaces, 
non totally geodesic in H” with a principal curvature equal to zero. Otherwise, A = 0 
would have multiplicity one, which may not occur. 

If c = 1, the isoparametric hypersurfaces in S” with g = 3, are the Cartan’s hyper¬ 
surfaces. They have one principal curvature equal to zero. Then that case occur for 
n G {7,13,25} and is locally given by the product x R, where is a 

Cartan’s hypersurface in □ 


Remark 8.5. The hypersurfaces classified in Theorem \8.4\ have function v constant and 
from Corollary 15. gl they are isoparametric in Q” x R. 
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